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Abstract. It is still an outstanding challenge to characterize and understand the
topological features of strongly interacting states such as bound-states in interacting
quantum systems. Here, by introducing a cotranslational symmetry in an interacting
multi-particle quantum system, we systematically develop a method to define a Chern
invariant, which is a generalization of the well-known Thouless-Kohmoto-Nightingale-
den Nijs invariant, for identifying strongly interacting topological states. As an
example, we study the topological multi-magnon states in a generalized Heisenberg
XXZ model, which can be realized by the currently available experiment techniques
of cold atoms [Phys. Rev. Lett. 111, 185301 (2013); Phys. Rev. Lett. 111, 185302
(2013)]. Through calculating the two-magnon excitation spectrum and the defined
Chern number, we explore the emergence of topological edge bound-states and give
their topological phase diagram. We also analytically derive an effective single-particle
Hofstadter superlattice model for a better understanding of the topological bound-
states. Our results not only provide a new approach to defining a topological invariant
for interacting multi-particle systems, but also give insights into the characterization
and understanding of strongly interacting topological states.
Keywords: topological invariant, Heisenberg XXZ model, topological bound-states,
ultracold atoms in optical lattices
1. Introduction
Topological invariants, which describe the invariant property of a topological space
under homeomorphisms, are of great importance in characterizing topological matters
and topological phase transitions. Weakly interacting topological states, whose universal
properties do not depend on inter-particle interactions, are well-understood due to the
well-developed tools for treating weakly interacting systems [1, 2, 3, 4, 5]. However,
2strongly interacting topological states, whose universal properties are determined
by inter-particle interactions, pose much greater challenges to both theory [6] and
experiment [7]. The characterization of strongly interacting topological states is quite
different from that of the weakly interacting counterparts [8, 9]. Due to the existence of
strong correlations among particles, it is hard to define a topological invariant and to
clarify the interplay between topological features and inter-particle interactions.
Ultracold atoms in optical lattices offer a well-controlled experimental platform to
explore topological matters in a clean environment [10]. Recently, the Hofstadter-Harper
model has been experimentally realized by using laser-assisted tunneling of ultracold
atoms in a tilted optical potential [11, 12]. As the atom-atom interaction can be tuned
by Feshbach resonances, such an atomic Hofstadter-Harper system not only opens a way
to explore topological states of noninteracting atoms, but also provides new opportunity
to study strongly interacting topological states.
Beyond single-particle topological states [13, 14, 15, 16, 17, 18, 19], it is of great
challenge to clarify whether interacting topological states may emerge. One outstanding
challenge is the absence of a well-defined topological invariant for an interacting
quantum system (IQS). In this paper, we find that this problem can be solved when
the system has cotranslational symmetry : the invariance under collective translation.
We demonstrate that the cotranslational symmetry naturally allows us to formulate
a topological invariant, which can be used to characterize the topological features
of interacting multi-particle states such as bound-states (BS’s). In comparison with
other topological invariants, our topological invariant is intrinsic and straightforward.
A well-known generalization of the Thouless-Kohmoto-Nightingale-den Nijs (TKNN)
invariant [20] from noninteracting to interacting systems is by introducing the twisted
boundary condition (BC) [21], which requires to calculate all many-body ground-states
for a continuous 2π-period of the twist angle. Another topological invariant for IQS’s is
given in terms of the Green’s function, which requires to calculate the Green’s function
at all frequencies [22] or zero frequency [23]. Differently, our topological invariant is
directly defined by using the center-of-mass (c.o.m) quasi-momentum associated with
the cotranslational symmetry. We believe that our definition opens a new route to the
characterization of strongly interacting topological states.
2. Topological invariant associated with cotranslational symmetry
To illustrate our idea, we first consider a generally two-dimensional (2D) quantum
system with N interacting particles. The Hamiltonian reads as,
H =
∑N
j=1
Hj +
∑N−1
j=1
∑N
j′=j+1
V (|rj − rj′|). (1)
Here, rj = (xj , yj) is the position of the j-th particle, the single-particle Hamiltonian
Hj is of translational symmetry with respect to the period a = (ax, ay), and the
interaction V (|rj−rj′|) only depends on the inter-particle distance. Typical examples are
quantum lattice models such as Hubbard lattices and quantum spin lattices. Although
3we concentrate on quantum lattice models, our idea can be extended to continuous
models.
Given an N -particle wave-function ψ(r1, r2, . . . , rN), the single-particle translation
operator for the j-th particle, T (j), is defined as T (j)ψ(r1, . . . , rj, . . . , rN) = ψ(r1, . . . , rj+
a, . . . , rN) with j ∈ {1, 2, . . . , N}. For a noninteracting system, because of the
translational symmetry of each single-particle Hamiltonian Hj, T
(j) commutes with
the whole Hamiltonian and the many-body eigenstate has a tensor product structure
of N single-particle Bloch states. Therefore the independent Bloch momenta of the
N particles form a set of good quantum numbers for the noninteracting Hamiltonian.
However, the interaction will break the single-particle translational symmetry and make
the N independent Bloch momenta no longer good quantum numbers.
We now define the cotranslation operator, Ta(τ), as
Ta(τ)ψ(r1, r2, . . . , rN) = ψ(r1 + τa, r2 + τa, . . . , rN + τa) (2)
with τ an arbitrary integer. Actually, Ta(τ) is a combination of all single-particle
translation operators, Ta(τ) = [T
(1)T (2) · · ·T (N)]τ , and thus it commutes with each
Hj. Since Ta(τ)Ta(τ
′) = Ta(τ ′)Ta(τ) = Ta(τ + τ ′) and [Ta(τ)]−1 = Ta(−τ), the set
{Ta(τ), τ ∈ Z} forms an Abelian group (where Z is the set of all integers). We call
this group as the cotranslation group. As all cotranslation operators commute with the
interaction term, the whole Hamiltonian is invariant under the cotranslation transform,
[Ta(τ)]
−1HTa(τ) = H, (3)
which represents the cotranslational symmetry.
Under the cotranslational symmetry, the Hamiltonian H and Ta(τ) share a set of
common eigenstates. The common eigenstates obey
Ta(τ)ψ(r1, r2, . . . , rN) = ca(τ)ψ(r1, r2, . . . , rN), (4)
with ca(τ) being an eigenvalue of Ta(τ). It is easy to find ca(τ)ca(τ
′) = ca(τ + τ ′)
and [ca(τ)]
−1 = ca(−τ). Thus the eigenvalues could be chosen as the exponential form
ca(τ) = e
ik·τa with the vector k = (kx, ky) [24], which is a pair of good quantum
numbers. Thus we have,
ψ(r1 + τa, . . . , rN + τa) = e
ik·τaψ(r1, . . . , rN), (5)
which resembles the Bloch theorem for single-particle systems with translational
symmetry. Therefore, the vector k acts as the corresponding c.o.m quasi-momentum.
Similar to the Bloch functions for single-particle systems with translational symmetry,
one can define ψ(r1, r2, . . . , rN) = e
ik· 1
N
(r1+r2+···+rN )φ(r1, r2, . . . , rN) and then obtain
φ(r1 + τa, r2 + τa, . . . , rN + τa) = φ(r1, r2, . . . , rN) from equation (5). We thus
identify these eigenstates ψ(r1, r2, . . . , rN) as the many-body Bloch states for IQS’s
with cotranslational symmetry.
By exploiting the cotranslational symmetry and the many-body Bloch states, we
define a topological invariant (the first Chern number). It is an integral of the Berry
4curvature Fn(kx, ky) over the first Brillouin zone (BZ),
Cn =
1
2π
∫ ∫
BZ
d2kFn(kx, ky), (6)
where, Fn(kx, ky) = Im
(〈
∂kxφn
∣∣ ∂kyφn〉− 〈∂kyφn ∣∣ ∂kxφn〉) is determined by the Bloch
state |φn〉 = |φn(kx, ky)〉, kx ∈ (−π/ax, π/ax], ky ∈ (−π/ay, π/ay], and n is the band
index. In fact, the above Chern number is a TKNN-type topological invariant. We
should remark that our topological invariant is always well-defined for the band which
is well-separated from other bands, that is, it is protected by the corresponding energy
gaps.
3. Topological bound-states in generalized Heisenberg XXZ model
3.1. A generalized Heisenberg XXZ model
We now consider a generalized 2D Heisenberg XXZ model described by the following
Hamiltonian,
HˆH = − Jx
∑
l,m
[(
ei2mΦSˆ+l+1,mSˆ
−
l,m + λSˆ
+
l,m+1Sˆ
−
l,m
)
+ h.c.
]
− Vx
∑
l,m
[
Sˆzl,mSˆ
z
l+1,m + λSˆ
z
l,mSˆ
z
l,m+1
]
(7)
with the spin-1/2 operators (Sˆxl,m, Sˆ
y
l,m, Sˆ
z
l,m) and Sˆ
±
l,m = Sˆ
x
l,m ± iSˆ
y
l,m for the lattice site
(l, m). Here, Jx and Vx are the transverse and longitudinal spin-exchange couplings,
respectively. And λ represents the ratio of the interactions between y- and x-directions.
Different from the usual 2D Heisenberg XXZ model, our HˆH includes a spatially varying
phase 2mΦ along x-direction.
According to the Matsubara-Matsuda mapping [25], the model HˆH is equivalent to
a hard-core Bose-Hubbard model. By introducing |↓〉 ↔ |0〉, |↑〉 ↔ |1〉, Sˆ+l,m ↔ bˆ
†
l,m,
Sˆ−l,m ↔ bˆl,m, and Sˆ
z
l,m ↔ bˆ
†
l,mbˆl,m −
1
2
, we have,
Hˆ = − Jx
∑
l,m
(
ei2piβmbˆ†l+1,mbˆl,m + λbˆ
†
l,m+1bˆl,m + h.c.
)
− Vx
∑
l,m
[
nˆl,mnˆl+1,m + λnˆl,mnˆl,m+1
]
(8)
with the hard-core bosonic creation (annihilation) operators bˆ†l,m (bˆl,m) and the number
operator nˆl,m = bˆ
†
l,mbˆl,m. Here, β = Φ/π and we have removed a constant energy shift.
Below, we concentrate on discussing the rational flux β = p/q (where p and q are coprime
integers) and consider a lattice of Lx × Ly sites and Ly = qs with an odd integer s.
3.2. Topological two-magnon excitations
The two-particle Hilbert subspace is spanned by the basis, B
(2)
2D = {|l1, m1; l2, m2〉 =
bˆ†l1,m1 bˆ
†
l2,m2
|0〉}, with (1 ≤ l1 < l2 ≤ Lx) or (1 ≤ l1 = l2 ≤ Lx and 1 ≤ m1 < m2 ≤ Ly).
5We then impose the periodic boundary conditions (PBCs) in both x- and y-directions.
By introducing ψl1,m1;l2,m2 = 〈0| bˆl2,m2 bˆl1,m1 |Ψ〉, the eigenstates can be expanded as
|Ψ〉 =
∑
l1,m1;l2,m2
ψl1,m1;l2,m2 |l1, m1; l2, m2〉. The eigenequation Hˆ |Ψ〉 = E |Ψ〉 gives
Eψl1,m1;l2,m2 = − Vx(δ
l1±1,m1
l2,m2
+ λδl1,m1±1l2,m2 )ψl1,m1;l2,m2
− Jx(e
i2piβm1ψl1−1,m1;l2,m2 + e
−i2piβm1ψl1+1,m1;l2,m2
+ ei2piβm2ψl1,m1;l2−1,m2 + e
−i2piβm2ψl1,m1;l2+1,m2
+ λψl1,m1−1;l2,m2 + λψl1,m1+1;l2,m2
+ λψl1,m1;l2,m2−1 + λψl1,m1;l2,m2+1), (9)
where the PBCs require ψl1+Lx,m1;l2,m2 = ψl1,m1;l2+Lx,m2 = ψl1,m1+Ly;l2,m2 =
ψl1,m1;l2,m2+Ly = ψl1,m1;l2,m2 , and the hard-core bosonic commutation relations require
ψl1,m1;l2,m2 = ψl2,m2;l1,m1 and ψl1,m1;l1,m1 = 0.
To describe the cotranslational symmetry along x-direction, we introduce the two-
particle cotranslational operator T x1 as
T x1 ψl1,m1;l2,m2 = ψl1+1,m1;l2+1,m2 . (10)
It’s easy to find that HT x1 ψl1,m1;l2,m2 = T
x
1Hψl1,m1;l2,m2 holds for arbitrary ψl1,m1;l2,m2 .
Therefore, the Hamiltonian H commutes with T x1 and they share a set of common
eigenstates: ψl1,m1;l2,m2 = e
i
2
kx(l1+l2)φl1,m1;l2,m2, in which φl1+1,m1;l2+1,m2 = φl1,m1;l2,m2 is
invariant under T x1 . The eigenequation Hkx |Φ〉 = Ekx |Φ〉 gives
Ekxφl1,m1;l2,m2 = − Vx(δ
l1±1,m1
l2,m2
+ λδl1,m1±1l2,m2 )φl1,m1;l2,m2
− Jx(e
i2piβm1−i kx2 φl1−1,m1;l2,m2 + e
−i2piβm1+i kx2 φl1+1,m1;l2,m2
+ ei2piβm2−i
kx
2 φl1,m1;l2−1,m2 + e
−i2piβm2+i kx2 φl1,m1;l2+1,m2
+ λφl1,m1−1;l2,m2 + λφl1,m1+1;l2,m2
+ λφl1,m1;l2,m2−1 + λφl1,m1;l2,m2+1). (11)
Here, Hkx denotes the kx-block of the two-particle Hamiltonian and kx =
2pi
Lx
αx is
the c.o.m quasi-momentum along x-direction (with the integer αx ∈ [−
Lx−1
2
, Lx−1
2
]).
Correspondingly, the PBCs require φl1+Lx,m1;l2,m2 = φl1,m1;l2+Lx,m2 = (−1)
αxφl1,m1;l2,m2
and φl1,m1+Ly ;l2,m2 = φl1,m1;l2,m2+Ly = φl1,m1;l2,m2 , and the commutation relations require
φl1,m1;l2,m2 = φl2,m2;l1,m1 and φl1,m1;l1,m1 = 0.
Similarly, to describe the cotranslational symmetry along y-direction, we introduce
T yq as
T yq ψl1,m1;l2,m2 = ψl1,m1+q;l2,m2+q. (12)
In the kx-subspace, it turns out to be T
y
q φl1,m1;l2,m2 = φl1,m1+q;l2,m2+q. It is easy to
find that HkxT
y
q φl1,m1;l2,m2 = T
y
qHkxφl1,m1;l2,m2 holds for arbitrary φl1,m1;l2,m2 . Therefore,
Hkx and T
y
q have a common set of eigenstates, which can be written as φl1,m1;l2,m2 =
e
i
2
ky(m1+m2)ϕl1,m1;l2,m2 , where ϕl1,m1+q;l2,m2+q = ϕl1,m1;l2,m2 is invariant under T
y
q . The
eigenequation Hkx,ky |ϕ〉 = Ekx,ky |ϕ〉 reads
Ekx,kyϕl1,m1;l2,m2 = −Vx(δ
l1±1,m1
l2,m2
+ λδl1,m1±1l2,m2 )ϕl1,m1;l2,m2
6Figure 1. Two-magnon bound-state spectra. Bound-state bands for (a) periodic BC
along y-direction with Ly = 33 and (b) open BC along y-direction with Ly = 34. Both
(a) and (b) choose the periodic BC along x-direction with Lx = 51. (c) The density
distribution along y-direction for A (red circle) with kx = 0 and B (blue square) with
kx = 2pi/3 in (b). The other parameters are chosen as β = 1/3, Vx/Jx = 10 and
λ = 1.2.
− Jx(e
i2piβm1− i2kxϕl1−1,m1;l2,m2 + e
−i2piβm1+ i2kxϕl1+1,m1;l2,m2
+ ei2piβm2−
i
2
kxϕl1,m1;l2−1,m2 + e
−i2piβm2+ i2kxϕl1,m1;l2+1,m2
+ λe−
i
2
kyϕl1,m1−1;l2,m2 + λe
i
2
kyϕl1,m1+1;l2,m2
+ λe−
i
2
kyϕl1,m1;l2,m2−1 + λe
i
2
kyϕl1,m1;l2,m2+1). (13)
Here, ky =
2pi
Ly
αy is the c.o.m quasi-momentum along y-direction (with the integer
αy ∈ [−
s−1
2
, s−1
2
]).
We now discuss the energy spectrum. Under strong interactions, in addition to the
continuum band, there appear BS bands. In Fig. 1(a), we show the BS spectrum under
periodic BCs. It includes 6 subbands for β = 1/3 (in general, it includes 2q subbands
for β = p/q). Based on our calculation, the Chern numbers for the 6 subbands are
(C1, C2, . . . , C6) = (−1, 2,−1,−1, 2,−1). The Chern numbers indicate the bulk system
has a nontrivial topology. According to the bulk-edge correspondence, topological edge
states will appear in the system under open BC. So we calculate the spectrum under the
open BC along y-direction. In Fig. 1(b), in addition to the extended BS’s, topological
7Figure 2. Two-magnon Bloch bands (i.e. two-magnon bound-state subbands) for
(a) λ = 0.9, (b) λ = 1, and (c) λ = 1.1. Signature of bound-states for the six eigen
bound-states with (kx, ky) = (0, 0): (a1, b1, c1) Px, (a2, b2, c2) Py, and (a3, b3, c3)
P = Px +Py. The other parameters are chosen as β = 1/3, Vx/Jx = 10, Lx = 51, and
Ly = 33.
edge BS’s do appear. In Fig. 1(c), corresponding to the two points (A, B) in Fig. 1(b),
we show their density distributions along y-direction [ny(m) = 〈nˆy(m)〉 = 〈
∑
l nˆl,m〉].
The density distributions clearly show that these BS’s do localize on the edges.
8Figure 3. Bound-state spectra with open BC along y direction for (a) λ = 0.9, (b)
λ = 1 and (c) λ = 1.1. The other parameters are chosen as β = 1/3, Vx/Jx = 10,
Lx = 51, and Ly = 34.
3.3. Topological phase transitions (TPTs)
The interaction ratio λ plays an important role in the BS spectrum. If λ≫ 1 (i.e. the
interaction along y-direction dominates), the eigenstates of the three lowest subbands
can be approximated by a superposition of |l, m; l, m+ 1〉, which are called y-type
BS’s. While the eigenstates of the three higher subbands can be approximated by a
superposition of |l, m; l + 1, m〉, which are called x-type BS’s. If λ ≈ 1 (i.e. Vx ≈ Vy),
the BS’s are approximated by superpositions of |l, m; l + 1, m〉 and |l, m; l, m+ 1〉.
Otherwise, if λ ≪ 1, the three lowest subbands correspond to x-type BS’s while three
higher subbands correspond to y-type BS’s. By introducing Px =
∑
l,m |ψl,m;l+1,m|
2 and
Py =
∑
l,m |ψl,m;l,m+1|
2, we have Px = 1 (Py = 1) for a perfect x-type (y-type) BS. For
an arbitrary BS, we find that P = Px + Py ≃ 1 (see Fig. 2).
In Fig. 3, we show the BS spectra for different λ. Given the Riemann surface of
Bloch states, the energy gaps represent the holes in the Riemann surface and the winding
number of the edge states around these holes is another topological invariant [26, 27].
We find the absolute value of the winding number W1 for the edge states in the first
energy gap: |W1| = 1 for λ = 0.9 and 1.1 [see Fig. 3(a,c)] and |W1| = 2 for λ = 1
[see Fig. 3(b)]. This means that TPTs appear in the two regions: 0.9 < λ < 1 and
1 < λ < 1.1. Our calculations show that the Chern numbers for the lowest subband are
C1 = (−1, 2,−1) for λ = (0.9, 1, 1.1), which are consistent with the winding numbers
for the corresponding edge states.
9Figure 4. Topological phase diagram for the lowest bound-state subband under
periodic BCs with β = 1/3.
According to the topological band theory [1, 2], TPTs associate with gap closures.
For a finite system, a gap closure corresponds to a gap minimum which approaches to
zero when the system size increases. In Fig. 4, we show the topological phase diagram
for the first BS subband.
3.4. Effective single-particle Hofstadter superlattices
Under strong interactions (|Jx/Vx| ≪ 1), a BS can be regarded as a quasiparticle.
By treating the hopping as a perturbation to the interaction and implementing the
Schrieffer-Wolff transformation [28], the system obeys an effective single-particle model
(see Appendix C),
Hˆeff = HˆA + HˆB + HˆAB, (14)
HˆA = − Jeff
∑
l,m
[(
ei4piβmAˆ†l+1,mAˆl,m + h.c.
)
+ 2λ2
(
Aˆ†l,m+1Aˆl,m + h.c.
)
+ ǫxAˆ
†
l,mAˆl,m
]
,
HˆB = − Jeff
∑
l,m
[ 2
λ
(
ei4piβmei2piβBˆ†l+1,mBˆl,m + h.c.
)
+ λ
(
Bˆ†l,m+1Bˆl,m + h.c.
)
+ ǫyBˆ
†
l,mBˆl,m
]
,
HˆAB = − JeffJxy
∑
l,m
[
ei2piβmeipiβ
(
Aˆ†l,mBˆl,m + Bˆ
†
l+1,mAˆl,m
+ Aˆ†l,m+1Bˆl,m + Bˆ
†
l+1,mAˆl,m+1
)
+ h.c.
]
.
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Here, Jeff = J
2
x/Vx, Jxy = (λ + 1) cos(πβ), ǫx = V
2
x /J
2
x + 2 + 4λ
2, and ǫy =
λV 2x /J
2
x+2λ+4/λ. The operators Aˆ
†
l,m and Bˆ
†
l,m create a particle in states |l, m; l + 1, m〉
and |l, m; l, m+ 1〉, respectively. In Fig. 5(a), we show the lattice structure, in which
the green and red circles respectively represent the sublattice-A and B. Actually, HˆA
and HˆB are standard Hofstadter Hamiltonians, and HˆAB describes the coupling between
the two sublattices.
Now we discuss the quasi-particle spectrum. Under the periodic BC along x-
direction, through the Fourier transformation: Aˆ†l,m =
1√
Lx
∑
kx
e−ikxlAˆ†kx,m and Bˆ
†
l,m =
1√
Lx
∑
kx
e−ikxlBˆ†kx,m, the system (14) becomes block diagonalized. The eigenstates
|Ψ(kx)〉 = [ψ
A
m(kx)Aˆ
†
kx,m
+ ψBm(kx)Bˆ
†
kx,m
] |0〉 obey the coupled Harper equations,
E ′ψm = −
[
JA Jm−1ei
kx
2
0 JB
]
ψm−1 −
[
JA 0
Jme
−i kx
2 JB
]
ψm+1
−
[
ǫAm Jme
i kx
2
Jme
−i kx
2 ǫBm
]
ψm, (15)
with E ′ = E/Jeff , ψm = [ψAm, ψ
B
m]
T, JA = 2λ2, JB = λ, ǫAm = ǫx + 2 cos(4πβm − kx),
ǫBm = ǫy + (4/λ) cos(4πβm + 2πβ − kx), and Jm = 2Jxy cos(2πβm + πβ − kx/2). In
Fig. 5 (b, c, d), we show the spectrum versus β. At λ = 0.8 and 1.2, the butterfly-like
spectrum includes two separated parts. When λ → 1, the gap between the two parts
gradually vanishes. Finally, at λ = 1, the two parts merge into one butterfly. Actually,
such a spectrum deformation can be induced by tuning the hoping ratio J/K of the
spinor Hofstadter model (16).
3.5. Experimental possibility
In this section, we briefly discuss the experimental possibility. Using the laser-assisted
tunneling of two-component Bose atoms in a tilted optical lattice, one can realize a
2D interacting spinor Hofstadter model [11, 12], which is governed by the following
Hamiltonian (see Appendix A),
HˆB = −
∑
l,m,σ
[
KeiασmΦaˆ†l+1,m,σaˆl,m,σ + h.c.
]
−
∑
l,m,σ
[
Jaˆ†l,m+1,σaˆl,m,σ + h.c.
]
+
∑
l,m,σ1,σ2
1
2
Uσ1σ2 nˆl,m,σ1
(
nˆl,m,σ2 − δσ1,σ2
)
. (16)
with the lattice index (l, m), the component index σ ∈ {↑, ↓}, the creation (annihilation)
operators aˆ†l,m,σ (aˆl,m,σ), and the number operator nˆl,m,σ = aˆ
†
l,m,σaˆl,m,σ. Here, Uσ1σ2 is the
on-site interaction whose strength can be tuned via Feshbach resonances [29, 30], and
K and J are respectively the hopping strengths along x and y directions. The hopping
along x-direction involves an additional spin- and spatial-dependent phase φσ,m = ασmΦ
with α↑ = 1 and α↓ = −1.
In the strong interaction regime with unit filling, by using the second-order
perturbation theory [31], one can map the model (16) onto the 2D generalized Heisenberg
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Figure 5. Hofstadter superlattice and its butterfly-like spectra. (a) The sublattices
A and B are respectively denoted by green and red circles. The original lattice C is
represented by black squares. The sublattice site (l,m)A [(l,m)B] locates at the middle
point of (l,m)C and (l+1,m)C [(l,m)C and (l,m+1)C]. The orange dot lines represent
the couplings between the two sublattices. The butterfly-like spectra are shown in (b)
for λ = 0.9, (c) for λ = 1, and (d) for λ = 1.1. The other parameters are chosen as
Vx/Jx = 10, kx = 0, and Ly = 1000.
XXZ model (7) (see Appendix B) with the parameters are given as Jx = 2K
2/U↑↓ ,
Jy = λJx, Vx = 4K
2(1/U↑↑ + 1/U↓↓ − 1/U↑↓ ), Vy = λVx, and λ = Vy/Vx = J2/K2.
The selective magnon excitations can be prepared by using a line-shaped laser beam
generated with a spatial light modulator [32, 33]. The two-magnon bound states can
be observed by using the in situ correlation measurement [33]. Furthermore, one can
explore topological phase transition by varying λ and Vx/Jx, which are respectively
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determined by the hopping ratio J/K and the two interaction ratios (U↑↓/U↑↑, U↑↓/U↓↓)
of the interacting spinor Hofstadter model (16).
It’s worth to mention that, the interacting spinor Hofstadter model can be realized
by two-component systems of either bosons or fermions. Our above discussions
concentrate on the systems realized by two-component bosons, whose inter-particle
interactions are described by three different s-wave scattering lengths, which breaks the
time-reversal symmetry. However, for the systems realized by fermions, it is possible to
keep the time-reversal-invariance in the Hofstadter-Hubbard model [34, 35, 36].
4. Conclusion
In summary, from the cotranslational symmetry (collectively translational invariance),
we introduce an intrinsic topological invariant for interacting multi-particle quantum
systems. Our topological invariant is defined as an integral of Berry curvature over
the first Brillouin expanded by the c.o.m. quasi-momentum. Our definition generalizes
the well-known TKNN invariant [20] and it always works for the bands well-separated
from others. As an application, we use our topological invariant to study the two-
magnon excitations in a generalized 2D Heisenberg XXZ model. We explore the
nontrivial topology of these excitations and demonstrate the emergence of topological
edge bound-states. We further give the topological phase diagram for the lowest bound-
state subband. To understand the topological bound-states, we derive an effective
single-particle model described by a Hofstadter superlattice with two coupled standard
Hofstadter sublattices. And we also discuss the possible realization of our model via
currently cold-atom experimental techniques.
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Appendix
Appendix A. Realization of the interacting spinor Hofstadter model
In this section, we give a detailed derivation of the interacting spinor Hofstadter model.
Based upon the approach for treating noninteracting spinless bosons [12], we generalize
it to deal with interacting two-component bosons.
We consider an ultracold two-component Bose gas confined in a 2D optical lattice
potential,
Vlatt(r) =
Vx0
2
cos
(
2π
dx
x
)
+
Vy0
2
cos
(
2π
dy
y
)
, (A.1)
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Figure A1. Schematic diagram. The ultracold Bose atoms are confined in a two-
dimensional optical lattice. The lattice constants are given as dα = λα/2 (α = x, y).
Along y-direction, the nearest-neighboring tunneling occurs with strength ty. Along
x-direction, the nearest-neighboring tunneling is affected by a magnetic field gradient
∆/dx, which introduces an energy offset between neighboring sites of (left) ∆ for
|↑〉 atoms and (right) −∆ for |↓〉 atoms. An additional pair of laser beams with
wave vectors |k1| ≃ |k2| = 2pi/λK and frequency difference ω = ω1 − ω2 is used to
restore resonant tunneling with complex amplitude K. This realizes an effective flux
of Φ = k′ydy [where k
′ = k1−k2 = (k
′
x, k
′
y)] for |↑〉 bosons (left) and −Φ for |↓〉 bosons
(right).
with r = (x, y) and dα = λα/2. Here, λα and Vα0 are respectively the wavelength
and lattice depth along α-direction (where α = x, y). A gradient magnetic field along
x-direction is used to generate a spin-dependent linear potential,
Vtil(r) =
∆
dx
xσˆz, (A.2)
with the amplitude ∆. Given the bare coupling along x-direction tx, when ∆≫ tx, the
tunneling along x-direction is inhibited and can be restored by a pair of far-detuned
running-wave beams,
VK(r, t) = Ω cos(k
′ · r− ωt), (A.3)
with ω = ω1 − ω2 = ∆/~ and k
′ = k1 − k2 = (k′x, k
′
y), see Fig. A1.
If the atom-atom interactions are dominated by two-body interactions, the many-
body Hamiltonian includes two parts: a one-body part for single-particle contributions
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and a two-body part for atom-atom interactions. The single-particle Hamiltonian reads,
hˆ0 =
pˆ2
2M
+ Vlatt(r) + Vtil(r) + VK(r, t). (A.4)
Here, pˆ = (pˆx, pˆy) and M is the atomic mass. Under ultralow temperature, the atom-
atom interaction is described by the s-wave scattering and the many-body Hamiltonian
reads,
Hˆ =
∫
d2r
[
ψˆ†(r)hˆ0ψˆ(r)
]
+
∑
σ1,σ2
1
2
gσ1σ2
∫
d2r
[
ψˆ†σ1(r)ψˆ
†
σ2
(r)ψˆσ2(r)ψˆσ1(r)
]
,
(A.5)
with the field operators ψˆ†(r) = [ψˆ†↑(r), ψˆ
†
↓(r)], which creates a boson at position r with
[|↑〉 , |↓〉]. The interaction strength is given as gσ1σ2 =
4pi~2
M
aσ1σ2 with aσ1σ2 denoting
the s-wave scattering length between components σ1 and σ2. Introducing γ↑ = 1 and
γ↓ = −1, the many-body Hamiltonian becomes,
Hˆ =
∑
σ
∫
d2r
[
ψˆ†σ(r)hˆ0,σψˆσ(r)
]
+
∑
σ1,σ2
1
2
gσ1σ2
∫
d2r
[
ψˆ†σ1(r)ψˆ
†
σ2(r)ψˆσ2(r)ψˆσ1(r)
]
(A.6)
with
hˆ0,σ =
pˆ2
2M
+ Vlatt(r) + γσ
∆
dx
x+ VK(r, t). (A.7)
Although the system may involve multiple bands, we assume our system only involves
the lowest band which can be realized when the optical lattice is sufficiently deep.
Now we consider the Wannier-Stark-Wannier (WS-W) functions for the lowest
band,
φσ(r− rl,m) = φ
wsx
σ (x− xl)φ
wy(y − ym), (A.8)
with rl,m = (xl, ym) = (ldx, mdy). Define hˆα =
pˆ2α
2M
+ Vα0
2
cos( 2pi
dα
α) for α = x and
y, we have φwsxσ (x − xl) being the Wannier-Stark function for hˆx,σ = hˆx + ασ
∆
dx
x,
while φwy(y − ym) being the Wannier function for hˆy. By using the Wannier functions
φwx(x− xj) for hˆx, the Wannier-Stark functions φ
wsx
σ (x− xl) can be expanded as,
φwsxσ (x− xl) =
∑
j
Jl−j(γσ)φ
wx(x− xj), (A.9)
with γσ = ασ2tx/∆ and Jν(z) being the ν-order Bessel function of the first kind.
Where, the bare tunnelling strengths along x- and y-directions are denoted as tx and ty
respectively.
By using the WS-W basis, the field operators can be expanded as,
ψˆ†σ(r) =
∑
l,m
φ∗σ(r− rl,m)aˆ
†
l,m,σ, (A.10)
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where aˆ†l,m,σ creates a σ-component boson at the (l, m)-th lattice site. Thus the many-
body Hamiltonian reads,
Hˆ =
∑
l′,m′,l,m,σ
tσl′,m′;l,maˆ
†
l′,m′,σaˆl,m,σ +
∑
l′,m′,l,m,σ
V σl′,m′;l,m(t)aˆ
†
l′,m′,σaˆl,m,σ
+
∑
l′,m′,l′
2
,m′
2
,l2,m2,l,m,σ1,σ2
Uσ1,σ2l′,m′,l′
2
,m′
2
;l2,m2,l,m
aˆ†l′,m′,σ1 aˆ
†
l′
2
,m′
2
,σ2
aˆl2,m2,σ2aˆl,m,σ1 ,
(A.11)
with the parameters

tσl′,m′;l,m =
∫
d2rφ∗σ(r− rl′,m′)
(
hˆx,σ + hˆy
)
φσ(r− rl,m)
V σl′,m′;l,m(t) =
∫
d2rφ∗σ(r− rl′,m′)VK(r, t)φσ(r− rl,m)
Uσ1,σ2l′,m′,l′
2
,m′
2
;l2,m2,l,m
=
1
2
gσ1σ2
∫
d2r[φ∗σ1(r− rl′,m′)φ
∗
σ2
(r− rl′
2
,m′
2
)
×φσ2(r− rl2,m2)φσ1(r− rl,m)].
(A.12)
Under the single-band tight-binding (SBTB) approximation, we have
tσl′,m′;l,m = ασ∆lδ
l′
l δ
m′
m + t
yδl
′
l (δ
m′
m+1 + δ
m′
m−1), (A.13)
Uσ1,σ2l′,m′,l′
2
,m′
2
;l2,m2,l,m
=
1
2
Uσ1σ2δ
l′
l δ
m′
m δ
l′
2
l δ
m′2
m δ
l2
l δ
m2
m , (A.14)
with
Uσ1σ2 = gσ1σ2
∫
dx
∣∣φwsxσ1 (x)φwsxσ2 (x)∣∣2
∫
dy |φwy(y)|4 . (A.15)
The matrix elements of VK(r, t) are given as,
V σl′,m′;l,m(t) = Ω
∫
dx
∫
dy
[
φwsx∗σ (x)φ
wsx
σ (x− xl−l′)φ
wy∗(y)φwy(y − ym−m′)
× cos(k′xx+ k
′
yy − θl′,m′)
]
, (A.16)
with θl′,m′ = ωt− φl′,m′, and φl′,m′ = l
′φx +m′φy with φx = k′xdx and φy = k
′
ydy. Define

Ix,cosσ,l−l′ =
∫
dxφwsx∗σ (x)φ
wsx
σ (x− xl−l′) cos(k
′
xx)
Ix,sinσ,l−l′ =
∫
dxφwsx∗σ (x)φ
wsx
σ (x− xl−l′) sin(k
′
xx)
Iy,cosm−m′ =
∫
dyφwy∗(y)φwy(y − ym−m′) cos(k′yy)
Iy,sinm−m′ =
∫
dyφwy∗(y)φwy(y − ym−m′) sin(k′yy)
, (A.17)
as cos(k′xx+ k
′
yy − θl′,m′) = cos(k
′
xx) cos(k
′
yy) cos(θl′,m′) + cos(k
′
xx) sin(k
′
yy) sin(θl′,m′) +
sin(k′xx) cos(k
′
yy) sin(θl′,m′) − sin(k
′
xx) sin(k
′
yy) cos(θl′,m′), we have

Ix,cosσ,l−l′ = δ
l′
l I
x,cos
σ,0 + δ
l′
l−1I
x,cos
σ,1 + δ
l′
l+1I
x,cos
σ,−1
Ix,sinσ,l−l′ = δ
l′
l I
x,sin
σ,0 + δ
l′
l−1I
x,sin
σ,1 + δ
l′
l+1I
x,sin
σ,−1
Iy,cosm−m′ = δ
m′
m I
y,cos
0
Iy,sinm−m′ = δ
m′
m I
y,sin
0
. (A.18)
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There are several different types of Wannier functions, it is better to use the
maximally localized Wannier functions for constructing φwx(x − xj) and φ
wy(y − ym).
The symmetry of the lattice potential implies the symmetric nature of the maximally
localized Wannier functions [37] (i.e., they are either symmetric or antisymmetric).
Therefore, under the SBTB approximation, we have the following identities: Iy,sin0 = 0,
Ix,sinσ,0 = 0, and I
x,cos
σ,1 cos(θl,m) + I
x,sin
σ,1 sin(θl,m) = I
x,cos
σ,−1 cos(θl+1,m) + I
x,sin
σ,−1 sin(θl+1,m). As
Ix,cosσ,0 is σ-independent, one can define I
x
0 = I
x,cos
σ,0 and I
y
0 = I
y,cos
0 , therefore one can
obtain
V σl′,m′;l,m = ΩI
y
0 δ
m′
m
{
δl
′
l I
x
0 cos(θl,m)
+ δl
′
l−1[I
x,cos
σ,1 cos(θl−1,m) + I
x,sin
σ,1 sin(θl−1,m)]
+ δl
′
l+1[I
x,cos
σ,−1 cos(θl+1,m) + I
x,sin
σ,−1 sin(θl+1,m)]
}
. (A.19)
From equations (A.11), (A.13), (A.14), and (A.19), the SBTB Hamiltonian can be
written as,
Hˆ = HˆD + HˆODx + HˆODy + HˆDI, (A.20)
with
HˆD =
∑
l,m,σ
[ασ∆l + ΩI
x
0 I
y
0 cos(θl,m)]nˆl,m,σ, (A.21)
HˆODx =
∑
l,m,σ
ΩIy0 I
x
l,m,σ
(
aˆ†l+1,m,σaˆl,m,σ + h.c.
)
, (A.22)
HˆODy =
∑
l,m,σ
ty
(
aˆ†l,m+1,σaˆl,m,σ + h.c.
)
, (A.23)
HˆDI =
∑
l,m,σ1,σ2
1
2
Uσ1σ2nˆl,m,σ1 (nˆl,m,σ2 − δσ1,σ2) , (A.24)
where nˆl,m,σ = aˆ
†
l,m,σaˆl,m,σ and I
x
l,m,σ = I
x,cos
σ,1 cos(θl,m) + I
x,sin
σ,1 sin(θl,m).
The time dependence of the diagonal term HˆD can be eliminated via a unitary
transformation,
Uˆ = exp
(
i
∑
l,m,σ
Λl,m,σnˆl,m,σ
)
, (A.25)
where,
Λl,m,σ = −ασlωt−
Ω
~ω
Ix0 I
y
0 sin(θl,m) + lθσ (A.26)
is real and time-dependent. For convenience, we introduce a spin-dependent phase
θσ whose value will be determined below. The Hamiltonian in the rotating frame is
given as Hˆ ′ = Uˆ †HˆUˆ − i~Uˆ †(∂tUˆ). For a resonant driving (i.e. ~ω = ∆), we have
Uˆ †HˆDUˆ − i~Uˆ †(∂tUˆ) = 0. Thus, Hˆ ′ becomes as
Hˆ ′ = Uˆ †HˆODxUˆ + Uˆ †HˆODyUˆ + HˆDI. (A.27)
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Using the bosonic identity e−iθnˆaˆ†eiθnˆ = e−iθaˆ†, we have Uˆ †aˆ†l,m,σUˆ = e
−iΛl,m,σ aˆ†l,m,σ and
Uˆ †aˆl,m,σUˆ = eiΛl,m,σ aˆl,m,σ. Consequently, one can find
Uˆ †aˆ†l+1,m,σaˆl,m,σUˆ = e
i(Λl,m,σ−Λl+1,m,σ)aˆ†l+1,m,σaˆl,m,σ, (A.28)
Uˆ †aˆ†l,m+1,σaˆl,m,σUˆ = e
i(Λl,m,σ−Λl,m+1,σ)aˆ†l,m+1,σaˆl,m,σ, (A.29)
with the time-dependent phases
Λl,m,σ − Λl+1,m,σ = ασωt− θσ − Γx cos(ωt− φl,m −
φx
2
), (A.30)
Λl,m,σ − Λl,m+1,σ = −Γy cos(ωt− φl,m −
φy
2
). (A.31)
Here, Γα =
2Ω
~ω
Ix0 I
y
0 sin(
1
2
φα) with α = x and y. Using the variant of the Jacobi-Anger
identity, e−iz cos(θ) = eiz sin(θ−
pi
2
) =
∑
r Jr(z)e
ir(θ−pi
2
), the phase factors are given as
ei(Λl,m,σ−Λl+1,m,σ) =
∑
r
[Jr(Γx)e
i(ασ+r)ωt × e−ir(φl,m+
φx
2
+pi
2
)−iθσ ], (A.32)
ei(Λl,m,σ−Λl,m+1,σ) =
∑
r
Jr(Γy)e
irωt−ir(φl,m+φy2 +pi2 ). (A.33)
Therefore the off-diagonal terms of the Hamiltonian Hˆ ′ become as
Uˆ †HˆODxUˆ =
∑
l,m,σ
[Kσl,m(t)aˆ
†
l+1,m,σaˆl,m,σ + h.c.] (A.34)
Uˆ †HˆODyUˆ =
∑
l,m,σ
[Jl,m(t)aˆ
†
l,m+1,σaˆl,m,σ + h.c.] (A.35)
with
Kσl,m(t) = ΩI
y
0 I
x
l,m,σ
∑
r
[Jr(Γx)e
i(ασ+r)ωte−ir(φl,m+
φx
2
+pi
2
)−iθσ ] (A.36)
Jl,m(t) = t
y
∑
r
Jr(Γy)e
irωt−ir(φl,m+φy2 +pi2 ). (A.37)
Time-averaging over a period of 2π/ω and using the identity 1
2pi/ω
∫ 2pi/ω
0
dt eirωt = δr,0
(for any integer r), one can obtain{
1
2pi/ω
∫ 2pi/ω
0
dtKσl,m(t) = e
iασφl,mK˜σ,
1
2pi/ω
∫ 2pi/ω
0
dt Jl,m(t) = J.
(A.38)
Here, J = tyJ0(Γy) and the σ-dependent constant K˜
σ is given as
K˜σ =
1
2
ΩIy0 e
−iθσ [(Ix,expσ,1 )
∗J1+ασ(Γx)e
i 1
2
(ασ+1)(φx+pi)
+ Ix,expσ,1 J1−ασ(Γx)e
i 1
2
(ασ−1)(φx+pi)] (A.39)
with the notation Ix,expσ,1 = I
x,cos
σ,1 + iI
x,sin
σ,1 . Notice that (I
x,exp
↑,1 )
∗ = e−iφxIx,exp↓,1 , if we define
1
2
ΩIy0 [I
x,exp
↑,1 J0(Γx)− I
x,exp
↓,1 J2(Γx)] ≡ Ke
iθK (A.40)
with K > 0 and θK ∈ (−π, π], we have{
K˜↑ = Kei(−θ↑+θK)
K˜↓ = Ke−i(θ↓+φx−θK)
. (A.41)
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The undetermined phases θσ are thus given as θ↑ = θK and θ↓ = θK − φx such
that K˜↑ = K˜↓ = K > 0. Thus the effective Hamiltonian in the rotating frame
Hˆeff =
1
2pi/ω
∫ 2pi/ω
0
dt Hˆ ′ is given as
Hˆeff =
∑
l,m,σ
(
Keiασφl,m aˆ†l+1,m,σaˆl,m,σ + h.c.
)
+
∑
l,m,σ
(
Jaˆ†l,m+1,σaˆl,m,σ + h.c.
)
+
∑
l,m,σ1,σ2
1
2
Uσ1σ2nˆl,m,σ1 (nˆl,m,σ2 − δσ1,σ2) . (A.42)
Through a time-independent unitary transformation,
Uˆ ′ = exp
(
i
∑
l,m,σ
Λ′l,m,σnˆl,m,σ
)
, (A.43)
where Λ′l,m,σ = ασ[
1
2
φxl
2− (π+ 1
2
φx)l]−mπ, one can change the sign of K and J . Since
Uˆ ′†aˆ†l,m,σUˆ
′ = e−iΛ
′
l,m,σ aˆ†l,m,σ and Uˆ
′†aˆl,m,σUˆ ′ = e
iΛ′
l,m,σ aˆl,m,σ, we have
Uˆ ′†aˆ†l+1,m,σaˆl,m,σUˆ
′ = ei(Λ
′
l,m,σ
−Λ′
l+1,m,σ
)aˆ†l+1,m,σaˆl,m,σ, (A.44)
Uˆ ′†aˆ†l,m+1,σaˆl,m,σUˆ
′ = ei(Λ
′
l,m,σ
−Λ′
l,m+1,σ
)aˆ†l,m+1,σaˆl,m,σ, (A.45)
with the phases
Λ′l,m,σ − Λ
′
l+1,m,σ = ασ(π − lφx), (A.46)
Λ′l,m,σ − Λ
′
l,m+1,σ = π. (A.47)
Thus the effective Hamiltonian becomes
HˆB = −
∑
l,m,σ
[
KeiασmΦaˆ†l+1,m,σaˆl,m,σ + h.c.
]
−
∑
l,m,σ
[
Jaˆ†l,m+1,σaˆl,m,σ + h.c.
]
+
∑
l,m,σ1,σ2
1
2
Uσ1σ2 nˆl,m,σ1 (nˆl,m,σ2 − δσ1,σ2) (A.48)
with Φ = φy = k
′
ydy. The above Hamiltonian is an interacting spinor Hofstadter model.
Appendix B. Derivation of the generalized Heisenberg XXZ model
In the strongly interacting regime [any of (U↑↑, U↑↓, U↓↓) is far larger than any of (K, J)],
the model (A.48) with unity filling can be mapped onto a spin model, which is equivalent
to a hard-core Bose-Hubbard model. Below, by using the perturbation theory for
degenerated many-body quantum systems [31], we analytically derive an effective spin
model up to second-order perturbation.
In the strongly interacting regime, one can treat the hopping terms
Hˆ1 = HˆK + HˆJ (B.1)
as a perturbation to the interaction term
Hˆ0 =
∑
l,m,σ1,σ2
1
2
Uσ1σ2nˆl,m,σ1 (nˆl,m,σ2 − δσ1,σ2) , (B.2)
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where, the hopping terms are given as

HˆK = −K
∑
l,m
[
Tˆ xl,m + Tˆ
x†
l,m
]
HˆJ = −J
∑
l,m
[
Tˆ yl,m + Tˆ
y†
l,m
] (B.3)
with {
Tˆ xl,m =
∑
σ e
iασmΦaˆ†l+1,m,σaˆl,m,σ
Tˆ yl,m =
∑
σ aˆ
†
l,m+1,σaˆl,m,σ
. (B.4)
Obviously, any Fock state is an eigenstate of Hˆ0. The Fock state for the system of unity
filling is given as
|n〉 = |. . . , nl,m,σ, . . .〉 =
∏
l,m,σ
1√
nl,m,σ!
(aˆ†l,m,σ)
nl,m,σ |0〉 (B.5)
where
∑
l,m,σ nl,m,σ = LxLy = L [Lα is the number of lattice sites along α-direction
(α = x and y), while L is the total number of sites of the whole two-dimensional lattice]
and |0〉 denotes the vacuum state. According to the eigen-equation Hˆ0 |n〉 = En |n〉, we
have the eigen-energy,
En =
∑
l,m,σ1,σ2
1
2
Uσ1σ2nl,m,σ1 (nl,m,σ2 − δσ1,σ2) . (B.6)
Obviously, due to only one atom in each lattice site, the ground-state has energy E0 = 0
and 2L-fold degeneracy. In the Fock basis, the ground states are expressed as
|s〉 = |. . . , sl,m, . . .〉 =
∏
l,m
aˆ†l,m,σlm |0〉 , (B.7)
with sl,m ∈ {↑, ↓} and Hˆ0 |s〉 = E0 |s〉.
The projector onto the ground-state space U0 is,
Pˆ0 =
∑
s
|s〉 〈s| . (B.8)
Introducing V0 as the orthogonal complement of U0, the relevant projector onto V0 is,
Sˆ = −
∑
En 6=0
1
En
|n〉 〈n| . (B.9)
Thus the effective Hamiltonian up to 2nd order is given as,
Hˆ
(2)
eff = Pˆ0Hˆ1SˆHˆ1Pˆ0. (B.10)
It’s easy to find that Pˆ0HˆKSˆHˆJ Pˆ0 = Pˆ0HˆJ SˆHˆKPˆ0 = 0, which gives
Hˆ
(2)
eff = Pˆ0HˆKSˆHˆKPˆ0 + Pˆ0HˆJ SˆHˆJ Pˆ0. (B.11)
Furthermore, since

Pˆ0Tˆ
α
l,mSˆTˆ
α
l′,m′Pˆ0 = Pˆ0Tˆ
α†
l,mSˆTˆ
α†
l′,m′Pˆ0 = 0
Pˆ0Tˆ
α
l,mSˆTˆ
α†
l′,m′Pˆ0 = δ
l′
l δ
m′
m Pˆ0Tˆ
α
l,mSˆTˆ
α†
l,mPˆ0
Pˆ0Tˆ
α†
l,mSˆTˆ
α
l′,m′Pˆ0 = δ
l′
l δ
m′
m Pˆ0Tˆ
α†
l,mSˆTˆ
α
l,mPˆ0
(B.12)
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for α = x and y, we have
Pˆ0HˆKSˆHˆKPˆ0 = K
2
∑
l,m
(Pˆ0Tˆ
x
l,mSˆTˆ
x†
l,mPˆ0 + Pˆ0Tˆ
x†
l,mSˆTˆ
x
l,mPˆ0), (B.13)
and
Pˆ0HˆJ SˆHˆJ Pˆ0 = J
2
∑
l,m
(Pˆ0Tˆ
y
l,mSˆTˆ
y†
l,mPˆ0 + Pˆ0Tˆ
y†
l,mSˆTˆ
y
l,mPˆ0). (B.14)
This means that the effective Hamiltonian has two parts, which respectively correspond
to the influences from the hopping terms of x- and y-directions.
As the effective Hamiltonian only involves the nearest-neighbor couplings, it is
sufficient to give its parameters by considering a system of two lattice sites. For the
hopping along x-direction, we take site-(l, m) as site-1 and site-(l+1, m) as site-2. The
two-site ground-states are{
|↑, ↑〉 = aˆ†1↑aˆ
†
2↑ |0〉 , |↑, ↓〉 = aˆ
†
1↑aˆ
†
2↓ |0〉 ,
|↓, ↑〉 = aˆ†1↓aˆ
†
2↑ |0〉 , |↓, ↓〉 = aˆ
†
1↓aˆ
†
2↓ |0〉 ,
(B.15)
with the eigenenergy E0 = 0. While the two-site excited states are

|↑↑, 0〉 = 1√
2
(aˆ†1↑)
2 |0〉 , |0, ↑↑〉 = 1√
2
(aˆ†2↑)
2 |0〉 ,
|↓↓, 0〉 = 1√
2
(aˆ†1↓)
2 |0〉 , |0, ↓↓〉 = 1√
2
(aˆ†2↓)
2 |0〉 ,
|↑↓, 0〉 = aˆ†1↑aˆ
†
1↓ |0〉 , |0, ↑↓〉 = aˆ
†
2↑aˆ
†
2↓ |0〉 ,
(B.16)
with eigenenergies E↑↑,0 = E0,↑↑ = U↑↑, E↓↓,0 = E0,↓↓ = U↓↓ and E↑↓,0 = E0,↑↓ = U↑↓.
Hence, we have the projectors
Pˆ0 = [aˆ
†
1↑aˆ
†
2↑ |0〉 〈0| aˆ2↑aˆ1↑ + aˆ
†
1↑aˆ
†
2↓ |0〉 〈0| aˆ2↓aˆ1↑
+ aˆ†1↓aˆ
†
2↑ |0〉 〈0| aˆ2↑aˆ1↓ + aˆ
†
1↓aˆ
†
2↓ |0〉 〈0| aˆ2↓aˆ1↓], (B.17)
Sˆ = −
{ 1
2U↑↑
[(aˆ†1↑)
2 |0〉 〈0| (aˆ1↑)
2 + (aˆ†2↑)
2 |0〉 〈0| (aˆ2↑)
2]
+
1
2U↓↓
[(aˆ†1↓)
2 |0〉 〈0| (aˆ1↓)
2 + (aˆ†2↓)
2 |0〉 〈0| (aˆ2↓)
2]
+
1
U↑↓
[aˆ†1↑aˆ
†
1↓ |0〉 〈0| aˆ1↓aˆ1↑ + aˆ
†
2↑aˆ
†
2↓ |0〉 〈0| aˆ2↓aˆ2↑
}
, (B.18)
and
Tˆ xl,m = e
imΦaˆ†2↑aˆ1↑ + e
−imΦaˆ†2↓aˆ1↓. (B.19)
Inserting equations (B.17), (B.18), and (B.19) into equation (B.13), and using the
bosonic commutation relations and the identity aˆj,σaˆ
†
j′,σ′ |0〉 = δ
j
j′δ
σ
σ′ |0〉 (j, j
′ ∈ {1, 2}),
after some tedious algebra, we obtain
Pˆ0Tˆ
x
l,mSˆTˆ
x†
l,mPˆ0 = Pˆ0Tˆ
x†
l,mSˆTˆ
x
l,mPˆ0
= −
[ 2
U↑↑
aˆ†1↑aˆ
†
2↑aˆ2↑aˆ1↑ +
2
U↓↓
aˆ†1↓aˆ
†
2↓aˆ2↓aˆ1↓
+
1
U↑↓
(aˆ†1↓aˆ
†
2↑aˆ2↑aˆ1↓ + aˆ
†
1↑aˆ
†
2↓aˆ2↓aˆ1↑)
+
1
U↑↓
(ei2mΦaˆ†1↓aˆ
†
2↑aˆ2↓aˆ1↑ + e
−i2mΦaˆ†1↑aˆ
†
2↓aˆ2↑aˆ1↓)
]
. (B.20)
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By introducing the pseudospin operators: Sˆ+l,m = aˆ
†
l,m,↑aˆl,m,↓, Sˆ
−
l,m = aˆ
†
l,m,↓aˆl,m,↑, and
Sˆzl,m =
1
2
(nˆl,m,↑ − nˆl,m,↓) (we set ~ = 1 here and after), equation (B.20) can be rewritten
as
Pˆ0Tˆ
x
l,mSˆTˆ
x†
l,mPˆ0 + Pˆ0Tˆ
x†
l,mSˆTˆ
x
l,mPˆ0
= −
[
2
1
U↑↓
(
ei2mΦSˆ+2 Sˆ
−
1 + e
−i2mΦSˆ+1 Sˆ
−
2
)
+ 4
( 1
U↑↑
+
1
U↓↓
−
1
U↑↓
)
Sˆz1 Sˆ
z
2
+ 2
( 1
U↑↑
−
1
U↓↓
)
(Sˆz1 + Sˆ
z
2) +
( 1
U↑↑
+
1
U↓↓
+
1
U↑↓
)]
. (B.21)
Extended to the lattice, that is 1→ (l, m) and 2→ (l + 1, m), we have
Pˆ0Tˆ
x
l,mSˆTˆ
x†
l,mPˆ0 + Pˆ0Tˆ
x†
l,mSˆTˆ
x
l,mPˆ0
= −
[
2
1
U↑↓
(
ei2mΦSˆ+l+1,mSˆ
−
l,m + e
−i2mΦSˆ+l,mSˆ
−
l+1,m
)
+ 4
( 1
U↑↑
+
1
U↓↓
−
1
U↑↓
)
Sˆzl,mSˆ
z
l+1,m + 2
( 1
U↑↑
−
1
U↓↓
)(
Sˆzl,m + Sˆ
z
l+1,m
)
+
( 1
U↑↑
+
1
U↓↓
+
1
U↑↓
)]
. (B.22)
For the hopping along y-direction, we take site-(l, m) as site-1 and site-(l, m + 1)
as site-2. Similarly, up to the second-order perturbation, we obtain
Pˆ0Tˆ
y
l,mSˆTˆ
y†
l,mPˆ0 + Pˆ0Tˆ
y†
l,mSˆTˆ
y
l,mPˆ0
= −
[
2
1
U↑↓
(
Sˆ+l,m+1Sˆ
−
l,m + Sˆ
+
l,mSˆ
−
l,m+1
)
+ 4
(
1
U↑↑
+
1
U↓↓
−
1
U↑↓
)
Sˆzl,mSˆ
z
l,m+1
+ 2
(
1
U↑↑
−
1
U↓↓
)
(Sˆzl,m + Sˆ
z
l,m+1) +
(
1
U↑↑
+
1
U↓↓
+
1
U↑↓
)]
. (B.23)
Introducing Jx = 2K
2/U↑↓ , Jy = 2J2/U↑↓ , Vx = 4K2(1/U↑↑ + 1/U↓↓ − 1/U↑↓ ),
Vy = 4J
2(1/U↑↑+1/U↓↓− 1/U↑↓ ), and B0 = 4(K2+J2)(1/U↑↑− 1/U↓↓ ), from equations
(B.11), (B.13), (B.14), (B.22), and (B.23), we get the effective Hamiltonian,
Hˆ
(2)
eff = −
∑
l,m
[
Jxe
i2mΦSˆ+l+1,mSˆ
−
l,m + h.c.
]
−
∑
l,m
[
JySˆ
+
l,m+1Sˆ
−
l,m + h.c.
]
−
∑
l,m
(
VxSˆ
z
l,mSˆ
z
l+1,m + VySˆ
z
l,mSˆ
z
l,m+1
)
−B0
∑
l,m
Sˆzl,m. (B.24)
Here, we have removed a constant energy shift: −(K2+J2)(1/U↑↑+1/U↓↓+1/U↑↓ )LxLy.
According to the Matsubara-Matsuda mapping [25]: |↓〉 ↔ |0〉, |↑〉 ↔ |1〉,
Sˆ+l,m ↔ bˆ
†
l,m, Sˆ
−
l,m ↔ bˆl,m, and Sˆ
z
l,m ↔ (nˆl,m−
1
2
) ≡ (bˆ†l,mbˆl,m−
1
2
), the magnon excitations
can be described by hard-core bosons and so that the two-dimensional Heisenberg
spin model (B.24) is equivalent to a two-dimensional hard-core Bose-Hubbard model
subjected to a synthetic gauge field,
HˆHC = − Jx
∑
l,m
[(
ei2mΦbˆ†l+1,mbˆl,m + λbˆ
†
l,m+1bˆl,m
)
+ h.c.
]
− Vx
∑
l,m
(
nˆl,mnˆl+1,m + λnˆl,mnˆl,m+1
)
+ ε0
∑
l,m
nˆl,m (B.25)
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with Vx = ∆x, Vy = ∆y and ε0 = ∆x+∆y−B0. Here we have removed a constant energy
shift 1
4
(2B0−∆x−∆y)LxLy. Since the term ε0
∑
l,m nˆl,m commutes with the other part
of the Hamiltonian, it only causes a constant energy shift and thus can be removed from
the Hamiltonian without changing the physics. Finally, our effective hard-core boson
model obeys,
Hˆ = − Jx
∑
l,m
[(
ei2piβmbˆ†l+1,mbˆl,m + λbˆ
†
l,m+1bˆl,m
)
+ h.c.
]
− Vx
∑
l,m
(
nˆl,mnˆl+1,m + λnˆl,mnˆl,m+1
)
(B.26)
with β = Φ/π and λ = J2/K2.
Appendix C. Derivation of the effective single-particle model for
two-magnon bound-states
By regarding a two-magnon bound state as a quasi-particle, we analytically derive an
effective single-particle model via the Schrieffer-Wolff transformation [28]. As bound-
states appear when |Vx/Jx| ≫ 1, one can treat the hopping term
Hˆ1 = − Jx
∑
l,m
[(
ei2piβmbˆ†l+1,mbˆl,m + λbˆ
†
l,m+1bˆl,m
)
+ h.c.
]
(C.1)
as a perturbation to the interaction term
Hˆ0 = −Vx
∑
l,m
(
nˆl,mnˆl+1,m + λnˆl,mnˆl,m+1
)
. (C.2)
Obviously, all two-magnon Fock states |l1, m1; l2, m2〉 = bˆ
†
l1,m1
bˆ†l2,m2 |0〉 are eigenstates
of Hˆ0 with eigenvalues El1,m1;l2,m2 = −Vx(δ
l1±1,m1
l2,m2
+ λδl1,m1±1l2,m2 ). The two-magnon
bound-states can be approximated by superpositions:
∣∣Gxl,m〉 = |l, m; l + 1, m〉 and∣∣Gyl,m〉 = |l, m; l, m+ 1〉, which are also eigenstates of Hˆ0 with eigenvalues Ex0 = −Vx
and Ey0 = −λVx (where Hˆ0
∣∣Gxl,m〉 = Ex0 ∣∣Gxl,m〉 and Hˆ0 ∣∣Gyl,m〉 = Ey0 ∣∣Gyl,m〉).
Using SW transformation [28], the effective single-particle Hamiltonian up to
second-order reads
Hˆ
(2)
eff = hˆ0 + hˆ2, (C.3)
hˆ0 = − Vx
(
Pˆ1 + λPˆ2
)
, (C.4)
hˆ2 = −
1
Vx
(
Pˆ1Hˆ1Hˆ1Pˆ1 +
1
λ
Pˆ2Hˆ1Hˆ1Pˆ2
)
−
λ+ 1
2λVx
(
Pˆ1Hˆ1Hˆ1Pˆ2 + Pˆ2Hˆ1Hˆ1Pˆ1
)
. (C.5)
Here, the two bound-state projectors are defined as

Pˆ1 =
∑
l,m
∣∣Gxl,m〉 〈Gxl,m∣∣ ,
Pˆ2 =
∑
l,m
∣∣Gyl,m〉 〈Gyl,m∣∣ . (C.6)
23
For convenience, we introduce the following notations

HˆJx = −Jx
∑
l,m
(
tˆxl,m + tˆ
x†
l,m
)
,
HˆJy = −λJx
∑
l,m
(
tˆyl,m + tˆ
y†
l,m
)
,
(C.7)
with {
tˆxl,m = e
i2piβmbˆ†l+1,mbˆl,m,
tˆyl,m = bˆ
†
l,m+1bˆl,m.
(C.8)
It is easy to find that

Pˆ1HˆJxHˆJy Pˆ1 = Pˆ1HˆJyHˆJxPˆ1 = 0
Pˆ2HˆJxHˆJy Pˆ2 = Pˆ2HˆJyHˆJxPˆ2 = 0
Pˆ1HˆJxHˆJxPˆ2 = Pˆ1HˆJyHˆJy Pˆ2 = 0
Pˆ1HˆJxHˆJy Pˆ2 = Pˆ2HˆJyHˆJxPˆ1 = 0
(C.9)
As Hˆ1 = HˆJx + HˆJy , we have

Pˆ1Hˆ1Hˆ1Pˆ1 = Pˆ1HˆJxHˆJxPˆ1 + Pˆ1HˆJyHˆJy Pˆ1
Pˆ2Hˆ1Hˆ1Pˆ2 = Pˆ2HˆJxHˆJxPˆ2 + Pˆ2HˆJyHˆJy Pˆ2
Pˆ1Hˆ1Hˆ1Pˆ2 = Pˆ1HˆJyHˆJxPˆ2
Pˆ2Hˆ1Hˆ1Pˆ1 = Pˆ2HˆJxHˆJy Pˆ1.
(C.10)
By using the hard-core bosonic commutation relations, one can obtain

HˆJx
∣∣Gxl,m〉 = −Jx(ei2piβmbˆ†l,mbˆ†l+2,m
+e−i2piβmbˆ†l−1,mbˆ
†
l+1,m
)
|0〉
HˆJx
∣∣Gyl,m〉 = −Jx(ei2piβmbˆ†l,m+1bˆ†l+1,m
+ei2piβ(m+1)bˆ†l,mbˆ
†
l+1,m+1
+e−i2piβmbˆ†l−1,mbˆ
†
l,m+1
+e−i2piβ(m+1)bˆ†l−1,m+1bˆ
†
l,m
)
|0〉
HˆJy
∣∣Gxl,m〉 = −λJx(bˆ†l,m+1bˆ†l+1,m + bˆ†l,mbˆ†l+1,m+1
+bˆ†l,m−1bˆ
†
l+1,m + bˆ
†
l,mbˆ
†
l+1,m−1
)
|0〉
HˆJy
∣∣Gyl,m〉 = −λJx(bˆ†l,mbˆ†l,m+2 + bˆ†l,m−1bˆ†l,m+1) |0〉 .
(C.11)
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Therefore, we get

Pˆ1HˆJxHˆJxPˆ1 = J
2
x
∑
l,m
(
ei4piβm
∣∣Gxl+1,m〉 〈Gxl,m∣∣+ h.c.
+2
∣∣Gxl,m〉 〈Gxl,m∣∣ )
Pˆ1HˆJyHˆJy Pˆ1 = 2λ
2J2x
∑
l,m
( ∣∣Gxl,m+1〉 〈Gxl,m∣∣+ h.c.
+2
∣∣Gxl,m〉 〈Gxl,m∣∣ )
Pˆ2HˆJxHˆJxPˆ2 = 2J
2
x
∑
l,m
(
ei2piβ(2m+1)
∣∣Gyl+1,m〉 〈Gyl,m∣∣
+h.c. + 2
∣∣Gyl,m〉 〈Gyl,m∣∣ )
Pˆ2HˆJyHˆJy Pˆ2 = λ
2J2x
∑
l,m
( ∣∣Gyl,m+1〉 〈Gyl,m∣∣ + h.c.
+2
∣∣Gyl,m〉 〈Gyl,m∣∣ )
(C.12)
and
Pˆ1HˆJyHˆJxPˆ2 + Pˆ2HˆJxHˆJy Pˆ1
= 2λJ2x cos(πβ)
∑
l,m
[
ei2piβmeipiβ
( ∣∣Gxl,m〉 〈Gyl,m∣∣+ ∣∣Gyl+1,m〉 〈Gxl,m∣∣
+
∣∣Gxl,m+1〉 〈Gyl,m∣∣ + ∣∣Gyl+1,m〉 〈Gxl,m+1∣∣ )+ h.c.]. (C.13)
Insert equations (C.10), (C.12), (C.13) into Eq. (C.5), we obtain
Hˆ
(2)
eff = − Jeff
∑
l,m
{[
ei4piβm
∣∣Gxl+1,m〉 〈Gxl,m∣∣ + 2λ2 ∣∣Gxl,m+1〉 〈Gxl,m∣∣
+
2
λ
ei4piβmei2piβ
∣∣Gyl+1,m〉 〈Gyl,m∣∣ + λ ∣∣Gyl,m+1〉 〈Gyl,m∣∣
+ Jxye
i2piβmeipiβ
( ∣∣Gxl,m〉 〈Gyl,m∣∣+ ∣∣Gyl+1,m〉 〈Gxl,m∣∣
+
∣∣Gxl,m+1〉 〈Gyl,m∣∣ + ∣∣Gyl+1,m〉 〈Gxl,m+1∣∣ )+ h.c.]
+ ǫx
∣∣Gxl,m〉 〈Gxl,m∣∣+ ǫy ∣∣Gyl,m〉 〈Gyl,m∣∣ }. (C.14)
Here, Jeff = J
2
x/Vx, Jxy = (λ + 1) cos(πβ), ǫx = V
2
x /J
2
x + 2 + 4λ
2, and ǫy =
λV 2x /J
2
x + 2λ+ 4/λ.
In order to capture the single-particle nature of the bound-states, we introduce the
creation operators Aˆ†l,m and Bˆ
†
l,m as follows: Aˆ
†
l,m creates a quasi-particle in the x-type
bound-state
∣∣Gxl,m〉, while Bˆ†l,m creates a quasi-particle in the y-type bound-state ∣∣Gyl,m〉.
That is, we define a mapping between two-magnon bound-states and single-particle
states:
∣∣Gxl,m〉 ⇔ Aˆ†l,m |0〉 and ∣∣Gyl,m〉 ⇔ Bˆ†l,m |0〉. Thus the effective single-particle
Hamiltonian (C.14) becomes
Hˆeff = − Jeff
∑
lm
{[
ei4piβmAˆ†l+1,mAˆl,m + 2λ
2Aˆ†l,m+1Aˆl,m
+
2
λ
ei4piβmei2piβBˆ†l+1,mBˆl,m + λBˆ
†
l,m+1Bˆl,m
25
+ Jxye
i2piβmeipiβ
(
Aˆ†l,mBˆl,m + Bˆ
†
l+1,mAˆl,m
+ Aˆ†l,m+1Bˆl,m + Bˆ
†
l+1,mAˆl,m+1
)
+ h.c.
]
+ ǫxAˆ
†
l,mAˆl,m + ǫyBˆ
†
l,mBˆl,m
}
, (C.15)
which describes a Hofstadter superlattice with two coupled standard Hofstadter
sublattices A and B.
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